1

Tuesday, May 17, 2016 2:04 PM

Cecond Dervahve Test :

Spee that the second parkial derivatives are conlinuous on a disc w/ center (a,b) , and
suppose Jx(a,b)=0 and jﬂla,b)=0.

lt D = Dla,b) - jxx(a,b)j.j.j(a,b) - [{xﬂla,b)]nz fax jxa
e fuy
a) If D>0 and Jxx(a,b) >0 , then j(a,b) i5 a local min_
b) |f >0 and jxx(a,b)<0 , then f(a‘b) i5s a local max
O If D<O , then fla,b) is not a local max or min (saddle point ) and qraph of f

crosses the }anﬂenf plane at (a,b).

RmK D=0 means fest is inconclusive .

Ex Find the local max, min and soddle Poink o} f(xﬁ)=x4+34—4x3+i

Slep 4 fx = 4:@-43 ) {5 =453-4x

SeHinﬂ these partial derivatives equal o 0, we gel

©-4=0 ad §-x=0

y=«

5> x-x=0 =» a(x®-1)=0 > x(x-1(x+1) (1) (x%+1)=0
= 2=0,1,-1 = (0,0),(1,1),1-)

fax =002, fay =~ s fuy - 139

D(X‘ﬂ) = Jxxhtj - [\{‘Xﬂ]n = MQX252'|6
At (0)0), D(0,0) =-16<0 ) Sadd‘e POID{' at (0)0)0)

A (LD, D(11) = 12820, fxx(ll) =12 >0, rel min (4,1,-1)
A (-1, DI1,1)=138>0, JaxFi-1) =13 50, loaal min (-4,-1,-1)
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Absolule maximum and minimum_values

For a junchon f oj one variable

Extreme Value Thm : If { is continuous on a closed inferval [a,b) ,then § has an absolule minimum

value and an absolule min value .

Closed Inferval Method :  Evaluole f ot crifical numbers but also at endpoints a and b.

Similar situation jor junch'on oj two variables :

Just as a closed inferval contains 1t endpoints, a closed sel contams all boundarﬂ points .

QF O J \
Not closed .

closed sels

B(X) = {jeR’| 1Z-F1<€Y is not closed (open ball : Everj pot is an mlerior ot )
B = {Ge® [17-Flee ] s cosed. (Closed ball : conloins fhe boundary).

* A bounded set in " is one that can be contained within some ball

Extreme Value r functions of Two variables

I} { is conhinuous on o closed bounded se D m R*, then f aftains an absolute max . value
f(xnljl) and an absolute min value f(xg.lj)) ol some Pomk (%:40) and (%.42) in D.

* Remark  The exireme values can ocaur ot etther a critical point of f or

the bdrﬂp’fofD
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To find absolute max and min values of a continuous funcion j on a closed and bounded set D:

1) Find the volues oj f at the entical pols of f nD.
) find the extreme values of f on the boundarj of D.
3) Find the \araesnL and smallest values from Step 1 and 1.

Ex  Find the absolule moxmum and minimum values oj the junch'on j(x.ﬂ) = o+ ﬂ’—&'x on
the closed hianﬂular reﬂion with vertices (2,0),(0,2) and (0,-2),

Go D is cosed and bounded , and j i5 0 po\ﬂnomia\ and H\erefore i} is coninuous on D.

fx =;\'X-3 , {j =Qj

SeHinﬂ fa =}3 =0 = x-1 ,3=O.

Therefore,

(1,0) is criheal point (which is inside D), and §(1,0)=-1.

We looK ot the values oi f on the boundarﬂ of D, which consists of 3 lme seﬂmenis , Lol L3,

On L,, we have x=0 and
f(o,a) . 32 and - €Y< 2. (The problem reduces fo EVT of a sina\e variable funchon).

Gall  hly) = 5’ and -3¢y <2.

Then h'(lj) =aﬂ =0 = 3=0
h(0) =0, h(2)=4 ,h(-3)=4.
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S a\onﬂ L, , minat (0,0) and §(0,0)=0
max at (0,:3) and §(0,£3) =14,

Along P 13=X-& for 0¢xeld

ond flx,x-3) = Qx2-||6x+4 ,0¢x¢)
h(x)

h(x) = 4x-6 =0 = x=%

h(%) 2 -_;_ h(0)=4, h()=0

i

‘On by f ohtains min ot (3-3) and f(g_-_;_)

max at (0,-3) and f(o,-l) 4.

Alongl.a: y=a-x, 0¢x¢2 and

fx,d-x) = Ix*-6x+4 which is same a5 s .
‘Only f ltains min ot (3-31) and H%'ll)= i

max at (0,-3) and ]t(o,-l) 4.
The abs max on D is j(0,12)=‘\

abs min on D is jt{_g_-zi)--lL

Maximizing Directional Denvahve
~

Thm Suppose fis 0 differem‘iable funchon oj d or 3 variables . The maximum value of the

direchional derivahve  Duf(X) is |Vf(x)] and it occurs when T has the same dirn as
the gradient vector V().
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level suriaces

Recall  For a function of two variables §(x.y), the level curves of § are the curves
W/ equations flx,y) =R , for constant R i the range oj j

Ex  Let f(x»ﬂ) = -2y, Describe the level curves oj f-

Solution Lt ce R and 1o describe the ¢ volued level curves we aonsider
C- ll-x’-lja. Note that ¢ >0.

= d= -2

> 9(’439 =1-¢t . Therejore jor ¢ ,we see that the level curves

are circle centered ot (0,0) wf radius {I-c .

[T
The cases ¢ = O,E‘K’i

Then for a junch’on of 3 variable F(x42), a level suface S is a surface with the equah'on
F(X.ﬁ.l) =k.
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Recall A curve C is described bﬂ a continuous veclor funclion T(t) = <x(}) .5(t),z(t)>
B Tt) - cos’c?'rsm{i +1k

The parametric equa*ions jor this curve are :
X = cost Y =gint 2=t

Let Po(xo.ao,lo) be a point on a level surface S w equa*ion F(x.lj.?)= R.

let C be a curve that lies on the surface 5 and passes +hrou3h point P
let P =7lb) = (xo.go.zo).

*Since C lies on the surface G, F(P(t) =k re. F(X(’c\,ﬂltl,z(t)) =R.
I x(t) ,3lt) and 2(t) are diﬂeremlfab\e and f Fis dlﬁ then df -0 ie

dt

_E + OF. QZ 0
33 a2
F.T'H) =0, For when t =to, VF(Xo.ﬂo,Zo)?'“o)-‘-O.

In words, the 3mdien{ veclor ot P, VF(xo,4o, ) is perpendicular 1o the lungen{ vector T'(to)
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lo any curve C on 5 that passes Hnrouﬂh P.

|j VF(xo.ﬂo,Zo) %0, then 1t 15 natural to dejme the }anaen{ Plane to
the level surface at P('Xoxﬂo,Zo) 05 the plane that passes Pnrough P and has normal veclor
v F(Xo,ﬂo,zo) .

Recall A plane in space 5 delermined tﬁ a point Plxa.tp, 2)
in the plane and a vecor n that is oan%onal to the
plane (0 s called the normal vector )
PicK an arbnirarj pont P(x,a, 2) on the plane
and let 1, and T" be the posttion vectors of
Poand P. Then the veclor PP can be expresed

as T-Tp (usmj the }rianﬂ\e law)

The normal vector 1 is or*hogonal to every veclor

in the 3iven plane ,and in this case to T-7p

and 5o we have

If ™ =<a,b,cY, then we have
(a,b,C>-<x'xo,ﬂ"jo, Z-2,0=0
or, alx-x,)+ bla—ﬂo) +clz-2)=0
Nole  Tiwo planes are parallel if their normal veclors are porallel .

Then going bacK fo orisi nal ques}ion,We can write the equahon o[ the ’ranﬂenl plane as -

F (0,40, Z0). (- %) + F:jlxo)ﬂo,zo)- (y-4o) + FJlXo,go,zo).(ﬂ-tjo) + Fa(%,4,2%) (2-2) = 0
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Gradient vector ( Py 942).

(onsider a funcﬁon f of 3 variables and a point P('Xo,ﬂo»zo) in s domain .

1) V§{%.4,20) gives the direction of fastest increase o {
2) Vf (t6.Yo,2) is orthogonal to the level surface S of { through P

¢ So as we move away from P alonj the level surface S, f doesn 1 change.
Therefore 1t seems reasonable that 1 we move in the perpendicular drection,

we ﬂet maximum InCrease .

lagrange  Mulhiphers
~ N

lel's sy we want 1o ]‘ind extreme values of fluy) subJed o a constraint of the fonn
9(x y) = k.

Said c\iﬁerem‘lﬂ, we want o find extreme values af f(xy), when the pomt is restrickd to level
wrves glx.y) = R.

In other words, we want o find the Iarﬂesi value of c such that the level curve f("'ﬂ)= C
infersects S(x.g) =R.

*ld
\f(x)=4 o

In the example, it occurs when ’rheﬂ Jus’r fouch each other,
§(x)=3

qyl=k =4

« This means that ther normal lines are identical

at Pomt (%0,4s) - = Gradient veclors are Paral\e\ e

§lx=2 1. when Hvej have a common }anﬂenl line . (Oherwise ncrease ¢)

Vf(‘xo»ﬂo) = Avg('xo.ljo) for some A€R .
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Suppose §(x.4:2) has an extreme val .at a point Plx,4o,Zs) on the level surjace 5w/ equation
S(X)‘j)z) = k .

let C be acurve on 5 gven bj (1) = <xlt).4(t),20)> and Tlto) = <Aoo

Then , hit) = §(7(t)) = flt).4(1),2(£)) represents the value tht { lakes on the curve C.
T has an extreme valie at P, = b has an extreme value ot to = h'lb)=0 =

2 Vulte4o,%). T'a) = 0 (Just the Chainrule , Cose 1)

e Vilxo, yo2o) i orthogonal to ko), o every such curve C.

But we a\readj koow from construction that Vg(xa.y2) is orthogonal o 7 (te) for every such

curve .
Therefore, V(%040,2) is parallel fo Vg b ou20)..
In particular, lj Vg (%0, Yo.70) 40 there there is a number X such that :
V{ltogo,20) = AVglxe.4o,20) .
A= laﬂronae multiplier .
ulhpl;

To {ind the maximum and minimum values of j(x,g,z) sub]ec’r fo constraint ﬂ(x.H.Z) =k
lassumin3 that these extreme values exist and Vg*O on the surface 3(x.3,z)=k]

0) Find all values oi Xy, 2 and X such that
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Vixy:2) = )«Vg(x,ﬂ,z)
(j(x,nj,z) =R

b) Evaluale f at all Pom\& ('x,g,z) from Step a) .
The |anr3¢s‘-1l oj these values is the moximum value oﬁ 5 the smollest the minimum value .

v§ - )‘Vﬂ > (fx .}3,12 D= X(‘ja.gﬂ,ﬂz> =< Xax.lﬂj, )‘ﬂz>
3 {* - )3," j:j = Aﬁj ,j} = )‘3’- Toseﬂ\er w/ 3('&5»2) =k,
For a funchion o{ d variables , laﬂranﬂe muipliers is similar.

To {mo\ extreme values oj fluy) Su\:]ec’f fo conshraint 3(x.3)= k, look for
values %y and ) si.
V§(xy) = Aqlny) ond glny)=k.

RmK  Not necessarj lo find explicit values of .
TWO CODS'\TOm
V§ (x0go.20) = A Vj(xo,ﬂo,zo) + PV h(’xo»ﬂo,Zo)

3(x,tj,z) = kR
Inlx,!j,z\ =C
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Question 1. Your automobile assembly plant has a Cobb-Douglas production function given by
g= 100${1,3yﬂ.7
where ¢ is the number of antomobiles it produces per year, z is the number of employees, and y is the
monthly assemblyline budget (in thousands of dollars).
Annual operating costs amount to an average of $60 thousand per employee plus the operating budget

of $12y thousand. Your annual budget is $1,200,000. How many employees should you hire and what
should your assembly-line budget be to maximize productivity? What is the productivity at these levels?

Answer
The objective is to maximize the productivity:
q = 1002"%4"7 subject to 60z + 12y = 1200,z > 0,y > 0
So we want to use the method of Lagrange Multipliers.
So, glz.y) = 60z + 12y — 1200 and f(x,y) = 1002237,
Therefore the system of equations we want to solve is:

To=2AGs: 3(}2.'_”'7;!;”'7 = G0MA
fo = Agy 70203y~ 03 = 12
g=0: 60+ 12y—1200=0

Then we can simply the first and second questions are rewrite them as

y\07 2\%3
30 (—) =60\ 70 (—) =12\
T y
Now to solve the system of equations, we divide the first equation by the second to obtain:
3 7y\0T sy 03
72 \s) =

~ i)~

35
=y = —=I.
3

Finally substituting this into the constraint equation gives
35
60z + 12 (—3) z=1200 => 200z = 1200 = z = 6 employees
35 N
== $70 thousand

g= ll](.l(ti}"‘:’('.r'[}]l[]‘T = 3. 350 automobiles per year
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6.2 Line Integrals

. Define an m’feﬂrol simlar % a sing\e mieara\ except  we m%eam*e over a curve C , rather fhon

over an interval [a,b].

e Start with plane curve ( T‘ven bj the paramdn‘c equaHons Tlt) = (x(t),y(’c)).
x=x(t), Y=y, a¢t<h.

Assume that C is smooth 1e r'(t) =< x'(t),H‘(t)> is continuous and T'(t) #0 on L.

I} we divide the parame’(er nterval [a,b) info n subintervals [k, &) oj equal width
ond let % -x(%) and Yi =glt;) , then the correspondl'nﬂ ponts P(x;, 1) divide C into
n subarcs w) Ienj’rhs Ds,,Ds,, ..., Asn

/ P (xl 3‘ )
IR
k Pa Choose any Pom{ P(Xl,g J) in the * subarc ( This

cortesPonds fo a Pomt { in [hu’ﬁ] )

N

)
\\/ g
-+ttt
Qa ti’l t‘ I) t

If {is a function of two variables whose domain includes the curve C, evaluate § ot the
point (x ,3:) ,mulh'p\j by the lenﬂ’rh As; of the subarc ,and jorm the sum

Z— ]t("w}jt As;

_Dgi 1f j i5 definea\ on a smooth curve ( qven bj x=x(t),3=3(t\, actsh,
then the line mieﬂral oj j alonﬂ Cis

nN—0 L=|

[f(x,g)ds - lim if(xt*.y.*)é\s
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the lenj{'hoj Cs

- g (8]

Then we can show that,

b
| s~ [ foto.gio0 [[ac)" (]

Ex Evaluate I(Ihx’g]ds , where C is the upper half oj the unit circle x’+3’=1.
¢ L)

m fist we need to Paramehize
X C.

X = cost ,5=sin’c where 0¢tén.

Then, !(S\-rxaj\ds - [(2+cos’tsint) (%)’.,.(%)2 dt

N

(2+cotemt) Vont oot dt J (2+cost simt) db - [at m?t_J
3
0

°‘-—-——&=°|——,=

0

= 31\+l..
3
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